Magnetic moments of baryons are studied within the chiral quark soliton model with special emphasis on the decuplet of baryons. The model is used to identify all symmetry breaking terms proportional to m s . Sum rules for the magnetic moments are derived. A "model-independent" analysis of the symmetry breaking terms is performed and finally model calculations are presented which show the importance of the rotational 1/N c corrections for cranking of the soliton.
I. INTRODUCTION
The magnetic moments of the ∆ ++ and Ω − have been measured recently. The former one was obtained from the analysis of pion bremstrahlung 1 [1] , µ ∆ ++ = (4.52 ± 0.50) µ N , while the latter one was measured by the E756 Collaboration [2] and found to be µ Ω − = (−1.94±0.17±0.14) µ N . These experimental data have triggered a new interest in the study of the magnetic moments of the baryon-decuplet: For example, they have been investigated in the relativistic quark model [3, 4] , in chiral perturbation theory [5, 6] , in the QCD sum rule approach [7] , in the chiral bag model [8] and in quenched lattice gauge theory [9] . One should, however, bare in mind that while the world average for the Ω − quoted by the Particle Data Group '96 differs only slightly from [2] : µ Ω − = (−2.02 ± 0.0.05) µ N , the mean value for ∆ ++ is much less constrained: µ ∆ ++ = (3.5 − 7.5) µ N . Recently, the octet magnetic moments have been studied in the chiral quark-soliton model (χQSM; also known as the semibosonized nonlinear Nambu-Jona-Lasinio model) [10] and it has been shown that the χQSM reproduces the data within about 15%. In fact, the accuracy that has been reached is more or less the upper limit that can be obtained in any model with hedgehog symmetry [11] . The aim of the present work is to extend our investigation to the magnetic moments of the baryon decuplet.
In contrast to the mass splittings, the general analysis of the symmetry breaking for the magnetic moments is quite involved. Famous Gell-Mann-Okubo mass formulae are so simple, since matrix elements of the mass splitting operator, which is assumed to transform as an octet, can be parametrized by 2 free parameters. In the case of magnetic moments there are two parameters which parametrize magnetic moments in the chiral limit and at least 5 other which describe chiral symmetry breaking. Under these circumstances it might seem impossible to write general model-independent relations similar to those for the mass splittings. Nevertheless we will adopt the strategy in which the algebraic structure of the χQSM will serve us as a tool to identify the relevant symmetry breaking terms. Then the pertinent coefficients, which are of course calculable from the solitonic profile function of the model, will be treated as free parameters and fitted. Despite the large number of free parameters this procedure does have a predictive power, since the number of magnetic moments in decuplet and octet is 18; moreover there are decays governed by the same operartor which can be described by the same set of parameters. This "model-independent" analysis will be at the end compared with the model predictions in line with Ref. [10] , .i.e. those using the selfconsistent profile functions.
As far as the "model-independent" analysis is concerned our results can be summarized as follows: we are able to fit all but one (called p) free parameters in the octet sector; this is because the system of linear equations which we get is underdetermined. Two measured magnetic moments of Ω − and ∆ ++ depend very weakly on p, and, as a consequence, p cannot be constrained from the data. Nevertheless, we are able to derive sum rules, both in the octet and in the decuplet and also the ones which involve particles from both multiplets, which to our knowledge are new. For example we get for the magnetic moments:
Experimentally, ∆ ++ − Ω − = 6.43 with a rather large error corresponding to the uncertainty of the world average for µ ∆ ++ and 3 4 (2p + n + Σ + − Σ − − Ξ 0 − 2Ξ − ) = 7.38. As far as model predictions are concerned we find: µ ∆ ++ = 4.73 and µ Ω − = −2.27 in very good agreement with the data.
In the χQSM the baryon can be viewed as N c valence quarks coupled to the polarized Dirac sea bound by a nontrivial chiral background hedgehog field in the Hartree approximation. The proper quantum numbers of baryons are obtained by the semi-classical quantization carried out by integrating over zero-mode fluctuations of the pion field around the saddle point. Hence, decuplet baryons are understood as the excited states of a collective rotation. In the process of quantizing the system, the angular velocities Ω a corresponding to the rigid rotation of the hedgehog are promoted to the collective quantum operators, which satisfy SU(3) right (generalized spin) commutation rules. These operators do not commute with the Wigner matrices D (R) ab which naturally appear in the formalism. It has been recently shown that inclusion of the terms proportional to the commutator [Ω a , D
(R)
bc ] which vanish classically but are nonzero in the quantum case is of utmost importance for the phenomenological description of axial properties of the nucleon [12, 18] . We include these new terms in our analysis of the magnetic moments.
The outline of the paper is as follows: In the next section, we sketch the basic formalism for obtaining the decuplet magnetic moments in the χQSM. In section III, we first calculate the contribution of the leading order and 1/N c rotational corrections in the chiral limit, taking advantage of the former calculation of the octet magnetic moments. The results are compared with the isovector relations for the magnetic moments in the large N c limit. In section IV, we study the effects of the strange quark mass m s corrections. In the last section, we summarize the present work and draw conclusions.
II. GENERAL FORMALISM
In this section we present general formulae needed to calculate decuplet magnetic moments (for details of the formalism see a recent review [14] ).
The χQSM is characterized by a partition function in Euclidean space given by the functional integral over the pseudoscalar meson and quark fields:
where S eff is the effective action
iD represents the intrinsic Dirac differential operator
with the pseudoscalar chiral field
m is the current quark mass matrix given bŷ
λ a represent the usual Gell-Mann matrices normalized as tr(λ a λ b ) = 2δ ab . The m 0 and m 8 are respectively defined by
with isospin symmetry (m u + m d = 2m) assumed. M stands for the dynamical quark mass arising from the spontaneous chiral symmetry breaking, which is in general momentumdependent [15] . We regard M as a constant and employ the proper-time regularization for convenience.
The operator iD is expressed in Euclidean space in terms of the Euclidean time derivative ∂ τ and the Dirac one-particle Hamiltonian h(U γ 5 )
with
Here β and α are the well-known Dirac Hermitian matrices. U is assumed to have a structure corresponding to the embedding of the SU(2)-hedgehog into SU(3):
P (r) is called profile function. The partition function of Eq. (2) can be simplified by the saddle point approximation which is exact in the large N c limit. One ends up with a stationary profile function P (r) which is evaluated by solving the Euler-Lagrange equation corresponding to δS eff /δP (r) = 0. This gives the static classical field U 0 . Note that according to Eq.(9) the profile is calculated with the tail corresponding to the massive pion. Since the masses of the up and down quarks are much smaller than that of the strange quark, we approximate the mass term in Eq. (8) aŝ
The magnetic moments of the baryon decuplet can be calculated from the following one-current baryon matrix element:
whereQ is the charge operator of quarks in SU(3) flavor space, defined by
One can relate the baryonic matrix element Eq. (12) to the correlation function:
at large Euclidean time T . The baryon current J B can be constructed from N c quark fields, 
annihilates (creates) the baryon state at given time T . The rotational corrections 1/N c and linear m s corrections being taken into account, the expression for the collective magnetic moment operatorμ can be written as follows:
where
The dynamical quantities w i are independent of the baryons involved. They are expressed in terms of the inertia parameters of the soliton which have a general structure like:
where O i are spin-isospin operators changing the grand spin of states |n by 0 or 1. The double sum runs over all the eigenstates of the intrinsic quark Hamiltonian in the soliton field and R is the regularization function. The numerical technique for calculating such double sums has been developed in [20] [21] [22] . Explicit forms of the inertia parameters are given in Appendix.Ŝ a stands for an operator of the generalized spin acting on the angular variable R(t) [20] .
ab (R) denote Wigner matrix in the representation R. Terms Q 1 /I 1 + Q 2 /I 2 arise from the time-ordering of the collective operators [17] .
The operator (16) has to be sandwiched between the octet and decuplet collective wave functions. However, strictly speaking, spin 1/2 (3/2) baryon wave functions are no longer pure octet (decuplet) states. This is because the collective splitting Hamiltonian
mixes the states in various SU (3) representations (here A = 1 . . . 3). Constants α, β and γ are given by [20] :
Here K i and I i are the "moments of inertia" and σ is related to the nucleon sigma term [23] :
A spin S = 1/2 state has the following form in the first order in m s :
and a spin S = 3/2 state reads:
, Ω] respectively, and
In actual calculations we shall need the explicit form of the SU(3) wave functions corresponding to the states of Eqs. (21, 22) . Let us remind that the wave function of a state of flavor B = (Y, T, T 3 ) and spin S = (Y ′ = −1, S, S 3 ) in the representation R is given in terms of a tensor with two indices: ψ (R B),(RS) , one running over the states B in the representation R and the other one over the states S in the representation R. Here R denotes the complex conjugate of the representation R, and the conjugate of the state S is given by:
2 . Explicitly [20] :
where Q S is a charge corresponding to the SU(3) state S. The explicit dependence on the SU(3) rotation matrix has been suppressed in Eq. (25) . Now, by sandwiching (16) between the states (21,22) we get the following expression for the magnetic moments with O(m s ) accuracy:
where by µ 0 we have denoted the chiral limit part of the magnetic moment, µ
comes from the symmetry breaking in the magnetic moment operator (i.e. from terms proportional to w 4 , w 5 and w 6 ) and µ (21,22) with µ 0 . It is quite straightforward to evaluate the SU(3) matrix elements needed to calculate (26) . One has, however, to remember that the wave functions (25) by construction transform under the transformations generated by the operatorsŜ as tensors in the representation R rather than R. Then using the known formulae for integrating the products of the Wigner D (R) functions over the SU(3) group and SU(3) coupling coefficients [25] , one gets for the octet [N, Λ, Σ, Ξ]:
and for the decuplet [∆, Σ * , Ξ * , Ω]:
Here Q is the charge and T 3 the third component of the isospin of the baryon B while S 3 is its spin projection on the third axis. A remark concerning Eqs.(30, 31) and (32) is in order. In the chiral limit one gets a simple formula in which magnetic moments in decuplet are proportional to the corresponding electric charge. This simple proportionality is broken by the O(m s ) corrections, both for the "operator" and the wave function contributions. Note also that due to the symmetry properties of the Clebsch-Gordan coefficients there is no contribution proportional to w 6 for the decuplet. On the contrary, w 6 does contribute in the octet case, because of the interference between 8 a and 8 s SU(3) representations.
III. MAGNETIC MOMENTS IN THE CHIRAL LIMIT
In the case of the chiral limit (m s = 0), i.e. with U-spin symmetry unbroken, we can relate the decuplet magnetic moments to those of the octet baryons. We introduce two parameters consisting of w 1 , w 2 and w 3 :
. Using these two parameters, we can express the octet and decuplet magnetic moments as follows: 3 When we go off the chiral limit, for the purpose of the "model-independent" analysis we include the tiny correction proportional to w 2 1 in the definition of w 1 .
µ n = µ Ξ 0 = 6v + 2w,
and for the decuplet:
Here Q B denotes the charge of the baryon B.
In addition to the U-spin symmetry, one can also see that the generalized Coleman and Glashow sum rules are satisfied in the chiral limit [26, 8] 
In principle one can fit v and w to the experimental data within the octet and then make predictions for the decuplet. However, since the U-spin symmetry is rather strongly broken in the real world, one cannot expect this procedure to be quantitatively accurate. Indeed:
and for w:
where numbers in parenthesis correspond to the experimental values. One can observe very strong disagreement between the theoretical formulae in the chiral limit and the experiment, especially for w. This means, of course, that the sum rules of Eqs.(37,38) will be strongly violated by m s corrections. As will be shown in the next section only the mean values of the three terms contributing to v or w in Eqs.(37,38) are free of the m s corrections. With this in mind we get:
Had we used in Eqs.(37,38) the nucleon or the Ξ data alone to fit w the result would be a factor of 2 smaller. Using Eq.(39) we obtain the octet magnetic moments: where numbers in parenthesis correspond to the experimental data. In summary let us note that theoretical formulae derived from the χQSM in the chiral limit with O(1/N c ) corrections are able to describe data with accuracy of the order 25−30 % as far as octet baryons are concerned. The same concerns decuplet magnetic moments where, however, the experimental situation is less clear. It is therefore evident that large corrections due to the strange quark mass are expected.
One more remark is here in order: although in the chiral limit magnetic moments depend on 3 model parameters, namely w 1 , w 2 and w 3 , only the combination w 1 −1/2 w 2 ∼ v enters. As we shall see in the next section it will be possible to extract w 1 and w 2 separately only through the wave function corrections (see Eq. (26)).
Let us now turn to the results calculated within the χQSM by a selfconsistent solution of the equation of motion for the solitonic profile function. In Table I the numerical results are presented, as we vary the constituent quark mass M = 370, 400, 420, and 450 MeV. It is found that as the constituent quark mass increases the magnetic moments in general decrease. Once more the importance of the O(1/N c ) corrections can be observed.
It is interesting to extract model predictions for v and w (for M = 420 MeV):
One can see from Eq.(40) that the model prediction for w is 2 times smaller than the estimate of our "model-independent" analysis. As mentioned after Eq.(39) this value (40) of w is compatible with the nucleon and Ξ magnetic moments but contradicts the data for the Σ. In the large N c limit, isovector magnetic moments satisfy the following relations [13] 
),
It is interesting to see if the present results for N c = 3 satisfy these relations. In fact, our model is exact in the large N c limit as we mentioned before. Our results in the chiral limit for N c = 3 agree with Eq.(41) within 1 ∼ 4% except for the relation (µ
, from which our result deviates by around 12%. This indicates that the extrapolation from the large N c to N c = 3 for the above relation is well justified.
IV. MAGNETIC MOMENTS FOR THE FINITE STRANGE QUARK MASS A. Mass splittings revisited
In order to proceed with the "model-independent" analysis we have to estimate mixing parameters c i and a i defined in Eqs. (23, 24) . For the purpose of this analysis we take the following values for the physical parameters: Σ = 48 MeV, m s = 180 MeV, m = 6 MeV.
With this set of parameters:
In order to estimate the ratios K i /I i entering Eqs. (24) we observe that:
and
From the above equations one obtains:
For the purpose of the "model-independent" analysis it is convenient to make use of the approximate equality of the ratios:
Then: 
where c = 0.14 m s I 2 .
Unfortunately I 2 cannot be constrained from the mass splittings without making further assumptions about masses of the baryons belonging to higher SU(3) representations entering Eqs. (21, 22) . In fact I 2 is responsible e.g. for the octet antidecuplet splitting. There are some candidates in the Particle Data around 1530 MeV which can be interpreted as the lightest members of antidecuplet. That would mean that I 2 ∼ 0.8 fm; on the other hand the model predictions are somewhat smaller: I 2 ∼ 0.5 − 0.7 fm depending on the constituent mass M. In Ref. [27] , which discusses a possible physical interpretation of the antidecuplet it is suggested that I 2 ∼ 0.4 fm. For the purpose of further analysis we leave c (or equivalently I 2 ) as a free parameter. 
Note that: x, y, z, p, q ∼ m s . This set of equations is not linearly independent; indeed there is one null vector corresponding to the following sum rule derived already in Ref. [8] .
12 p + 7 n − 7 Σ − + 22
where symbols denoting particles stand for their corresponding magnetic moments. In order to solve (50) we first observe that it is possible to find linear combinations of equations (50) which give
independently of x, y, p and q. As we see from Eq.(51) w is free of m s corrections only if we take the average of the three expressions given by Eq.(38). This value of w is larger as the one predicted by the χQSM and this will have consequence for the phenomenological predictions.
Since the set of equations (50) is linearly dependent we can solve it only as a function of one free parameter which we choose to be p. Before we quote results for w i let us note that the solution for q reads:
The results for w i read: 
From our discussion at the end of section IV.A we see that for I 2 ∼ 0.4 − 0.8 fm
however, strictly speaking, we have no handle to fix p from the octet magnetic moments alone. Therefore, as already said, we leave p as a free parameter for the time being. Before proceeding to the discussion of the decuplet let us observe that with the set of parameters of Eqs.(52,53):
It is important to observe that this sum is entirely given in terms of the wave function corrections, it is namely equal:
which in view of Eq. (52) is only p-dependent. In contrast to the χQSM or the Skyrme Model our "model-independent" analysis gives positive number for Σ 8 . This is precisely due to the larger value for w ∼ w 3 which is required by our fitting procedure.
C. "Model-independent" analysis of decuplet magnetic moments
Before applying the results of the previous section to the decuplet case let us first discuss sum rules which result from eqs.(30,31,32) which can be conveniently rewritten in a following form:
where 
Equation (58) without wave function corrections, i.e. with r = s = 0 is identical to the one derived in Ref. [8] . The authors of Ref. [8] diagonalize the splitting Hamiltonian (19) up to all orders in m s via the procedure introduced by Yabu and Ando [24] . Our procedure is perturbative in m s and as a result we are able to study analytically rather than only numerically the influence of the wave function corrections on the magnetic moments. Moreover, similarly to the octet case, we are able to derive sum rules for the decuplet magnetic moments. Note that in the chiral limit (x = y = r = s = 0) the sum of magnetic moments is proportional to the sum of charges, which is a simple consequence of the fact that the first column of Eq. (58) is simply −Q (charge). For the finite m s only some of these sum rules survive:
Moreover, we can calculate t from the following differences:
These relations are interesting since they are related to the octet splittings:
Experimentally: 6.46±0.59=7.38, where we have neglected errors on the right hand side. As already remarked in the Introduction the error on the left hand side which corresponds to the recent measurement of Ref. [1] would dramatically increase if the world average for µ ∆ ++ would have been used. Finally, let us present the formulae for the decuplet magnetic moments as functions of p. Because of very weak dependence on p of the only measured magnetic moments, namely ∆ ++ and Ω − , p cannot be constrained from the existing decuplet data. Therefore in the second and the third column of Table II we present two limiting cases corresponding to the limits on p somewhat extended with respect to Eq. (55) 4 .
D. Model predictions for the decuplet
In Table III , the numerical results of the decuplet magnetic moments, based on a selfconsistent solitonic profile function, are presented. We can compare now our final results with the experimental data for µ ∆ ++ and µ Ω . It is found that the present model is in a remarkable agreement with the data within about 10 %. The m s corrections are by no means negligible. Their largest contribution is about 30% and occurs in the µ ∆ − .
V. SUMMARY AND CONCLUSIONS
In the present paper the magnetic moments of baryons have been studied within the chiral quark soliton model with special emphasis on the decuplet of baryons. We have adopted the strategy in which the model has served as a tool to identify symmetry breaking terms proportional to m s . Two sources of such terms are present in the model: (i) m s corrections to the magnetic moment operator and (ii) wave function corrections which involve higher SU(3) flavor representations. Having worked in perturbation theory in the symmetry breaker we have derived analytical formulae for magnetic moments both for the octet and decuplet.
For completness also rotational 1/N c corrections have been included. They are important for model calculations with the explicit solitonic profile function, however, they do not introduce any new algebraic structure in the general expressions for the magnetic moments.
Symmetry breaking pattern for the magnetic moments is much more involved than the one for the baryon masses, where Gell-Mann-Okubo mass formulae work very well with only 2 free parameters. Here the number of free parameters in the chiral limit is already 3 and one has 3 more if one goes off the chiral limit. Two more constants enter if one takes into account wave function corrections. It is possible to constrain all but one, called p, free paramters from the mass spectrum and octet magnetic moments. It is interesting that p is related to the splitting between well established octet or decuplet and exotic baryon multiplets such as spin 1/2 antidecuplet [27] . Unfortunately the only two known decuplet magnetic moments, namely that of ∆ ++ and Ω − , do not provide any handle on this splitting, since they are almost independent of p. In this respect precise measurements of ∆ 0 , ∆ − or Σ * − could serve as a tool to extract p and, in consequence, the masses of the exotic states. We have also found sum rules which the magnetic moments satisfy in this order of the perturbation theory.
Finally we have presented model results for the decuplet magnetic moments. Our results agree with the existing data reasonably well, however, there is for the value of w 3 substantial difference between the numerics of our "model-independent" analysis (which merely uses the algebraic structure of the χQSM) and actual model calculations, based on selfconsistent profile functions. This is reflected in the sign difference between "model-independent" predictions and model results for ∆ 0 and Σ * 0 . In general the two sets of predictions agree each other within 20%. At this point it is important to stress that this relatively good agreement could be achieved only by taking into account rotational 1/N c corrections. This can be clearly seen from Table III . Similarly to the axial constants [18] , magnetic moments would be factor of 2 off experimental data if these corrections were discarded.
Let us stress at the end that parameters w i extracted from the data in the "modelindependent" anlaysis may be used to predict some of the constants governing semileptonic hyperon decays.
where the cutoff function φ(u;
is fixed by reproducing the pion decay constants and other mesonic properties [14] . 
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